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Abstract

A tiling of the Euclidean plane, by regular polygons, is called 2-uniform tiling if it has two
orbits of vertices under the action of its symmetry group. There are 20 distinct 2-uniform tilings
of the plane. Plane being the universal cover of torus and Klein bottle, it is natural to ask about
the exploration of maps on these two surfaces corresponding to the 2-uniform tilings. We call
such maps as doubly semi-equivelar maps. In the present study, we compute and classify (up
to isomorphism) doubly semi-equivelar maps on torus and Klein bottle. This classification of
semi-equivelar maps is useful in classifying a category of symmetrical maps which have two
orbits of vertices, named as 2-uniform maps.
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1 Introduction

Equivelar and semi-equivelar maps are generalizations of the maps on the surfaces of well known
Platonic solids and Archimedean solids to the closed surfaces other than the 2-sphere, respectively.
A substantial literature is available for such maps, see [1, 2, 3, 4, 5, 6, 7, 8].

Tilings of the plane are a great source of polyhedral maps on the surfaces of torus and Klein
bottle, as the plane is the universal cover of these two surfaces. A tiling of the plane, by regular
polygons, is called a k-uniform tiling if it has k orbits of vertices under its symmetry. The k-uniform
tilings have been completely enumerated for £ < 6. There are 11 l-uniform, 20 2-uniform, 61 3-
uniform, 151 4-uniform, 332 5-uniform and 673 6-uniform tilings on the plane. For a detailed study
on such tilings, readers are referred to see [9, 10, 11].

The 11 l-uniform tilings of the plane are also called Archimedean tilings. Out of these, 3 are
regular and 8 are semi-regular tilings. The 3 regular tilings provide equivelar maps of types [39],
[4%], [63] and 8 semi-regular tilings provide semi-equivelar maps of types [3%, 6], [33,42], [32,4, 3, 4],
[3,4,6,4], [3,6,3,6], [3,122], [4,6,12] and [4,8?], on torus and Klein bottle. Altshuler [12] has given
a construction for a map of the type [3] and [6%] on the torus. Kurth [13] has enumerated maps of
the types [3°%], [4] and [63] on the torus. In [2], Datta band Nilakantan classified map of type [3]
and [4%] on at most 11 vertices. In continuation of this, Datta and Upadhyay [14] classified these
type of maps for n vertices with 12 < n < 15. In [15], Brehm and Kuhnel have classified these three
types equivelar maps on the torus using a different approach. In [16], Tiwari and Upadhyay have



classified the 8 types semi-equivelar maps on at most 20 vertices. Recently, Maity and Upadhyay
[17] have presented a way to classify the eight types of semi-equivelar maps on the torus for arbitrary
number of vertices.

Analogues to the Archimedean tilings, here we initiate the theory of maps on torus and Klein
bottle corresponding to the 2-uniform tilings. We call such maps as doubly semi-equivelar map(s)
or briefly DSEM(s). The present work provides a new class of polyhedra which have two classes of
vertices in terms of the arrangement of polygons around the vertices. Polyhedra play an important
role in human life. It has extensive application in ornament designing, architectural designing,
cartography, computer graphics etc., see [18, 19, 20].

This article is organized as follows: In Sec 2, we give basic definitions and notations used in the
present work. In Sec 3, we define doubly semi-equivelar map (DSEM) and describe a methodology
to enumerate a doubly semi-equivelar map on torus and Klein bottle. In Sec 4, we compute and
classify DSEMs on torus and Klein bottle. In Sec 5, we present the results obtained from the
computation and classification. A tabular form of the results is shown in Table 5. In Sec 6, we
present discussions and future scope of the DSEMs followed by some concluding remarks.

2 Basic definitions and notations

For graph theory related terminologies, we refer [21]. A p-cycle, denoted as Cp, is a 2-regular graph
with p vertices. We denote C), explicitly as Cp(v1, ... ,vp), where the vertex set V(Cp) = {v1,...,vp}
and edge set E(Cp) = {v1v,...,Up—1Un, Uyv1 }.

A surface (closed surface) F' is a connected, compact 2-manifold without boundary. A surface F'
is either sphere, sphere with g handles (also called orientable surface of genus g, denoted as Sg) or
sphere with g cross caps (also called non-orientable surface of genus g, denoted as Ny). To a surface,
we associate a unique integer called its Euler characteristic x and is defined as x(S;) = 2 — 2g and
X(Ng) =2 — g. The surfaces S; and Ny of Euler characteristic 0 are called torus and Klein bottle,
respectively.

An embedding of a connected, simple graph G into a surface F' is called 2-cell embedding if the
closure of each connected component of F'\ G is a 2-disk D,,. These components are called faces of
the embedding. The vertices and edges of G are called the vertices and edges of the embedding. A
map (polyhedral) M on a surface F is a 2-cell embedding such that the non-empty intersection of
any two faces is either a vertex or an edge [22|. The face size of a map M is p, if p is the largest
positive integer such that M has a face D,,.

Two maps M; and My, with vertex sets V(M) and V (Ms) respectively, are said to be isomorphic
if there is a bijective map f : V(M) — V(Mz) which preserves the incidence of edges and incidence
of faces. An isomorphism from a map M to itself is also called an automorphism. A collection
Aut(M) of all the automorphisms of a map M forms a group under the composition of maps, called
the automorphism group of M. A map M is called vertex-transitive if it has a unique orbit of
vertices under the action of Aut(M).

The face-sequence [7]| of a vertex v, denoted as f-seq(v), in a map M is a finite cyclic se-
quence (pi',...,p.*), where p1,...,pr > 3 and ny,...,n, > 1, such that the face cycle at v is
(Dpy, - .- (nitimes), ..., Dy, ... (nitimes)). A map is called semi-equivelar of type [pi*,...,p,*] if
the face-sequence of each vertex is (pi*,...,p."). A semi-equivelar map of type [p"] is also called
equivelar map.

Let (Dp,,...,Dp,) be the face cycle at a vertex v in a map M. Let Cp, denote the boundary
cycles of these D,,,. Then the link of v, denoted as lk(v), is a cycle in M consisting of all the vertices
of these C),’s except v and all the edges of these C),’s except which has one end vertex v. If v
is a vertex with lk(v) = Cg(v1,...,vx), the face-sequence of lk(v) is a cyclically ordered sequence

(f-seq(v1), ..., f-seq(vg)).



Let v be a vertex with the face sequence (p}*,..., pzk) The combinatorial curvature of v,
denoted by ¢(v), is defined as ¢p(v) =1 — (F_ ny)/2 + (X5 ni/pi)).-

3 Definition of the problem and description of method

Let M be a map with two distinct face-sequences fi and fy. We say that M is a doubly semi-
equivelar map, in short DSEM, if (7) the sign of ¢(v) is same for all v € M (i) vertices of same type
face-sequence also have links of the same face-sequence up to a cyclic permutation. A doubly semi-

equivelar map M is called 2-uniform if it has 2 orbits of vertices under the action of its automorphism

! (f11,e0f1rq) (f217~~~7f27'2)]
U2

group. We denote the M of type , where fi; or fo;is fior fo, for1 <i <rq

and 1 < j < rq, if vertices of the face-sequence f; have links of face-sequence (fi1,..., fir,) and
vertices of the face-sequence fo have links of face-sequence (fa1, ..., for,) respectively.

There are 20 types of 2-uniform tilings of the plane denoted as: [35 : 33 42]1, [36 : 33 42]2,
(36 : 32 4,3,4], [33,42 . 32,4,3,4]y, [33,4% : 32,4,3,4]5, [33,4% : 4%]q, [33,4% : 4%),, [35 : 3%,6]4,
[36 ,6]2, [36 : 32,4,12], [3% : 32,6%], [3*,6 : 32,62], [33,4% : 3,4,6,4], [32,4,3,4,42 : 3,4,6 4],
(32,6 3636] [3,4,3,12 : 3,12%], [3,42,6 : 3,4,6,4], [3,4%,6 : 3,6,3,6]1, [3,4%,6 : 3,6,3,6]s,
[3,4,6,4 : 4,6,12], see [11]. Out of these, the first seven types have p-gons, with p < 4, see Fig. 3.

2-uniform tilings of the plane

Fig. 3: 2-uniform tilings of types: [3% : 33,42]1, [36 : 33,42]5, [35 :32,4,3, 4], [33,42 : 4]y, [33,42 : 32,4,3,4]1,
(33,42 :32,4,3, 4], [3%,4% : 443 (see from left).

We classify the DSEMs on torus and Klein bottle corresponding to the above seven tilings. We
abbreviate the types of DSEMs by the same notation as used for the respective tilings, see Table 3.

Table 3: Tabulated list of DSEMs of face-size 4

S No. | Abbreviated form DSEM type
1. [36 . 33742]1 [(36)( (3%),(3%,4%),(3%,4%),(3%),(3%,4%),(3%,4%)).
(33,42 ) ((3%),(39),(3%,42),(3%,4%) (33,42),(33,42),(33,42))]
9. [36 : 33,47, [(36)( (3%),(3%),(3%),(3%),(3%,4%),(3%,4%))..
(33,42 ) ((3%),(39),(3%,42),(3%,42) (33,42),(33,42),(33,42))]
3. [36:3274’374] [(3 )(32434)(32434)(32434)(32434)(32434)(32434))
(3 4,3 4) (3 ),(32,4,3,4),(32,4,3,4),(32,4,3,4),(32,4,3,4),(32,4,3,4),(32,4,3,4))]
4. [33742 . 32’473’4]1 [(33 42)((33 42),(3%,4,3,4),(3%,4,3,4),(3%,4,3,4),(3%,4,3,4),(3%,4,3,4), (32434))
(32,4,3,4)( (3® 42),(32,4,3,4),(32,4,3,4),(32,4,3,4),(3'*,42),(3'*,42),(32,4,3,4))]
5. [33742 . 32’ 4,3, 4], [(33 42)((33 4%),(3%,4,3,4),(3%,4,3,4),(3°,4,3,4),(3°,4%),(3%,4,3,4),(3% 4,3,4)).
(32,4,3,4)( ((3° 42),(33,42),(33,42),(32.,4,3.,4),(33,42),(33,42),(32,4.,3,4))]
6. [33742 . 44]1 [(33 42)((3* 4%),(3%,4%),(3%,4%),(3°,4%),(4"),(4%),(4)).
(44)((3* 42),(3%,4%),(3%,4%),(4),(3%,4%),(3%,4%),(3%,42) (44))]
7. (33,42 : 4%, [(33 42)((33 4%),(3%,4%),(3%,4%),(3% 4%),(4%),(4%),(4")).
(44 )((33 4%),(3%,4%),(3%,4%),(4%),(4"),(ah),(4a), (44))]




3.1 Methodology

Each doubly semi-equivelar map, out of the seven types (listed in Table 3), contains two types of
face-sequences among the four types (3°%), (33,4%), (32,4,3,4) and (4%) around the vertices. We
use the following notations frequently to denote a vertex with specific type face-sequence in the
computation. Here 1k(v) means link of vertex v.

e The notation lk(v) = Cg(a, b, ¢, d, e, f) means the face-sequence of v is (3%), i.e., the triangular
faces [v,b, ¢}, [v,¢,d], [v,d,¢€], [v,e, f], [v, f,al, [v,],a] incident at v.

o lk(v) = Cr(a,b,[c,d, e, f,g]) means the face-sequence of v is (3%,42), i.e., the triangular faces
[v,a,g], [v,a,b], [v,b,c] and quadrangular faces [v,c,d, €], [v,e, f, g] are incident at v.

o lk(v) = Cr(a, [b,c,d],[e, f,g]) means the face-sequence of v is (32,4,3,4), i.e., the triangular
faces [v,a,b], [v,a,g], [v,d, €] and quadrangular faces [v,b, ¢, d], [v,e, f, g] are incident at v.

e Ik(v) = Cs(a,b, c,d, e, f,g,h) means the face-sequence of v is (4%), i.e., the quadrangular
faces [v,a,b,c], [v,c,d, €], [v,e, f,g] and [v, g, h,a] are incident at v.

Since a doubly semi-equivelar map contains two types of vertices, in terms of face-sequences.
Therefore to distinguish these vertices, we denote vertices of one type face-sequence by n and the
other type by a,, for some n € N. We describe a methodology to compute and classify the DSEMs
listed in Table 3. Without loss of generality, we illustrate the methodology for type [3° : 33.4%];.
The same procedure is used for the remaining six types.

Let M be a DSEM of type [3° : 33.42]; with vertex set V on a surface of Euler characteristic 0
(i.e., on torus or Klein bottle). Let V{3s) and V|33 42y denote the set of vertices with face-sequence
type (3°) and (3%,4?) respectively. Here |V(36)] and |V(33 42)| denote the cardinality of the sets V{35
and V(33 42) respectively. Then, it is easy to see that the number of triangular faces is 4]‘/'(36)] or
2|V(33 42)|. Thus, if the map exists then 2|V(g6)| = [V(3s 42)|. Therefore we have V' = Vigs)U V|33 42) =
{a1,az,... Y AVge [ 12 [Vigs 42y|} such that 2[Vige)| = [V(33 42)|. Now we use the following steps
to enumerate DSEM M for this V' = V(36) U V(33 42.

Steps to enumerate DSEMs of type [3% : 33.42];:
Step 1:

1. Without loss of generality, let us start with a vertex v; having face-sequence type (3%). Let
lk(al) = 06(612, 1, 2, as, 3, 4)

2. This implies lk(ag) = Cg(1,a1,4,n9,21,n1) with several choices for the triplet (ni,z1,n2)
in Vigs 42) X Vigey x V(33 42y or 1k(4) = C7(a1, az,[n1,na,m3,n4,3]) with several choices for
(n1,n2,m3,m4) € Vigs 42) X V(s 42y X V(33 42) X V(33 42), see Fig. 3.1.

3. Again among lk(as) and 1k(4), without loss of generality, we proceed with lk(ag) = Cs(1, a1,4,
ng,x1,n1). For each choice of (nq,21,n9) we have distinct possibility for lk(ag). Out of these
possibilities of Ik(ag), we qualify those ones which preserves the face-sequence types of vertices.
The similar procedure may be adopted for 1k(4) (if required).

Step 2: We continuously repeat Step 1 until we do not get the links of remaining vertices from V.

Step 3: The computation involves in Step 1 and Step 2 is case by case and exhaustive covering all
possible scenarios.

Step 4: We explore isomorphism between the maps obtained in Step 1 and Step 2, which leads to
the enumeration of DSEMs of type [3% : 33.42];.




To show that two maps M; and My are non-isomorphic, we compute the characteristic polyno-
mials p(EG(M;)) and p(EG(Mz)) of adjacency matrices associated the edge graphs EG(M;) and
EG(My;) of the maps M; and M, respectively. The edge graph of M is a graph EG(M) consisting
of vertices and edges of the map. Clearly if p(EG(M;)) # p(EG(Mz)), My 2 M,. However if
p(EG(M;)) = p(EG(M2)), we can not say anything.

2
J4 ni
n3 “na
lk(a1) = Ce(az, 1,2, as,3,4) lk(az) 1k(4)

DSEM type: [3° :33.42];

Fig. 3.1: Illustration of the methodology

4 Computation and classification of DSEMs

In this section, we compute and classify the seven types DSEMs (listed in Table 3) using the
methodology given in Sec. 3. For the sake of computation, we consider the number of vertices < 15.

4.1 Computation and classification for type [3°: 33 47|

Consider the following DSEMs of type [3° : 32,42];, in Fig 4.1, on torus and Klein bottle denoted
by Tin,om [3° : 33,4%]1, for i € {1,...,8}, and K, 2,)[3% : 3%,4%]1, for i € {1,...,6}, respectively.
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Fig. 4.1: Doubley semi-equivelar maps on torus and Klein bottle of type [3° : 33,42];

Claim 4.1 For the maps above, we have the following:
(a) Ty6)[3% : 32,471 2 Ty(3.)[3° : 33,47]1.
(b) T(48)[3% : 3%,42)1 2 Ty(4 (3% : 3%, 421 2 Ts(48)[3° : 3,471
(¢) Kzas[30:3%,4%)1 2 Kyu8)[3° : 33,4%]1 2 Ky48)[3° : 33,47



(d) To(5,10)[3% : 3%, 4%)1 2 Tr(5,10)[3% : 3%,4%]1 2 Ty(5,10)[3° : 33,471
(e) Ke(5,10)[3°% : 3%,4%]1 2 Kq5.10)[3° : 3%,47);.

Proof. Let p(EG(M)) denote the characteristic polynomial of adjacency matrix associated with
the edge graph of M. Then the proof follows from the following polynomials:
p(EG(T1(3,6[3° : 3°,4%1)) = 2° — 242" — 422° + 632° + 1382 — 722° — 1442> + 48z + 32,

P(EG(To3,6)[3° : 3%,4%)1)) = 2° — 2427 — 362° + 452° + 482" — 212° — 182° + 3z + 2,

= 2'? — 3221° — 40xg + 2542 + 44027 — 62825 — 14002° + 1052* + 1000z + 30022,

= 2?3220 — 3229+ 25425 + 22427 —9322° — 4482° + 16732 + 962> — 115622 + 160z + 192,

)
)
)
)
) = 21232210 — 4819 +25425 +6562" —2922° —23522° —21672* 46242 +-20442% +11202+192,
)) = x'? = 3120 — 3929 +22725 + 37727 — 56125 — 11292° +4162* + 12832 49227 — 492 — 144,
)
)

)

) = 2% = 32210 —40wg 425425 + 440" —6442° —14002° +-457x* +16402° + 15622 — 6402 — 192,
) = 21?2 — 32210 — 48z9 + 2582° 4+ 6402”7 — 3642° — 2202° — 16352* +4962° 4 68422 — 322 — 64,
)

p(EG(To(s5,10)[3% : 3°,4°]1)) = '° — 402" — 402'% + 5152 + 75420 — 28229 — 49402° + 67902 " + 134302° — 6682 —
15340z* + 9752 + 549022 + 17552 + 162,

P(EG(Ty(5,10)[3% : 3°,4%]1)) = '° — 382" — 512" +4622'" +10332"° — 104929 — 55332° — 46812" +29052° + 63512° +
2282z — 10462° — 68022 + 32z + 48,

p(EG(Ty(s5,10)[3% : 3°,4°]1)) = '° —402"® — 602'% + 485" + 13742'" — 98529 — 79102° — 995527 — 10102° 4 7623z +
70302 + 28202° + 5702% + 55z + 2,

p(EG(Kg(5,10)[3° : 3°,4%]1)) = 2'° — 392" — 582" + 4622 " 4 13092"° — 91629 — 74552° — 90962 " — 203z° + 65622° +
3147z* — 9092° — 7612® — 97w — 3,

p(EG(Kr(5,10)[3° : 3°,4%]1)) = 2'° — 402" — 482"'% + 4972 +10102'° — 197320 — 62342° — 11127 +120102° 4 95312° —
3294z* — 7264x° — 34102 — 6372 — 38.

Claim 4.2 Kj(34)[3% : 3%,4%]; 2 Ky(36)[3° : 3,471

proof. Note that p(EG(K;(36)[3°% : 3%,4%)1)) = p(EG(Ky3 6 (3% : 3%,42])1)) = 2% — 2427 — 382 +
512° +78x% — 4423 — 2422, but the maps are non-isomorphic. To see this, we use geometric argument
as follows: Define a basis {a,b} at any vertex v; (for 1 < ¢ < 6), where @ and b are minimal non-
trivial loops (i.e. non-trivial cycle with minimum number of vertices), now if we consider K3 ) [36
33,42]; then at each v;, we get a and b with length 3 (for example at vy, a = C3(v1, vg, uz) and
b = C3(v1,v2,v5)) while in Ky [36 : 33,42];, at each v;, we get a of length 3 and b of length 4
(for example at vy, we see that a = Cs(vg,v1,u1) or a = C3(vy,v1,u2) and b = Cy(v1, v, V6, v4)).
Hence, Kj36)[3° : 33,4%]1 2 Ky3.6)[3° : 3%,4%]1.

4.1.1 Computation:

Let M be a DSEM of type [3%: 33,42]; with the vertex set V. Let Vigsy and V(33 42y denote the
sets of vertices with face-sequence types (3°) and (32,42), respectively. Then, we see that the
number of triangular faces in M is 4|V(gs)| or 2|V{33 42)|. This implies 2|V(36)| = [V(33 42)|. Thus for
V] = (IVig3,42)| +V(33,42)]) <15, we let V = {a1, az, . .. AV 1,2,...,2|Vige)|}, where [V(z6)| < 5.
Without loss of generality, we may assume lk(a;) = Cg(az,1,2,a3,3,4). This implies lk(ay) =
Cﬁ(al, 1, ny,xr1,n2, 4), lk(l) = 07((11, ag, [’I’Ll, ng, g, Ns, 2]), 1k(2) = 07(611, as, [nﬁ, n7, N5, Ny, 1]),
lk(ag) = Cﬁ(al, 3, ng,xra,Ng, 2), lk(3) = C7(CL1,CL3, [ng,ng, nlo,n11,4]) and 1k(4) = C7(CL1,CL2, [ng,
ni2, 11, N0, 3]) for some x1, x9 € Vigey and ny,na, ..., ni2 € Vizs 42).

Now considering lk(asz), we see that ny # 2 or 3 (for n; = 2, the set {2,1,as} forms triangular
face in lk(a1) but not in lk(ag), for ny = 3 we get deg(3) > 5). Similarly we see that ny ¢ {2,3}.
From these observations, we have (ni,z1,n2) € {(5,as,6),(5,a4,6)}.



Case 1: If (n1,z1,n2) = (5, as,6), then lk(as) = Cg(ay, 3,6, az, 5,2) or lk(asz) = Cg(ay, 3,5, ag, 6,2).

When lk(as) = Cs(a, 3,5, az,6,2), then considering 1k(2) we have (n4,ns5,n7) € {(4,3,5), (5,3,
)}, If (ng,ns,m7) = (5,3,4), then 1k(1) is a cycle of length 5, a contradiction. On the other
hand, if (n4,ns,n7) = (4,3,5) then 1k(2) = C7(a1, as, [6,5,3,4, 1]), Ik(1) = C7(a1, as, [5,6,4, 3,2]),
completing successively, we get lk(4) = C7(ay,az, [6,5,1,2, 3]), 1k(3) = C7(a1,as,[5,6,2,1,4)),
k(5) = Cr7(ag,as,[3,2,6,4,1]) and 1k(6) = C7(az,as,[2,3, 5,1,4]). Then we get M = Ky [36:
33,4%]; by the map i — v;, a; — u;, 1 <i<6,1<j<3.

When lk(as) = Cg(aq, 3,6, az2,5,2), considering 1k(2), we get (ng,ns5,n7) € {(4,3,6),(6,3,4), (3,
4,6),(6,4,3),(3,6,4),(4,6,3)}. Observe that, (3,4,6) = (6,3,4) by the map (1,5,2)(3,4,6)(a1,as,
as), (3,6,4) = (6,4, 3) by the map (1,5)(4,6)(a1,as3) and (4,6,3) = (6,3,4) by the map (1,2,5)(3,6,
4)(a1,as,az2). So, we need to search only for (n4,ns, n7) € {(4,3,6),(6,3,4),(6,4,3)}.

In case (ng,ns,n7) = (4,3,6), completing successively, we get 1k(2) = C7(a1,as, [5,6,3,4,1]),
1k(3) = 07(611, as, [6, 5, 2, 1, 4]), 1k(4) = 07((11, ag, [6, 5, 1, 2, 3]), lk(l) = 07(611, as, [5, 6, 4, 3, 2]),
Ik(5) = Cr(az,as,[2, 3,6,4,1]), Ik(6) = Cr(az, a3, [3,2,5,1,4]). This gives M = T34)[3%: 3% 4],
by the map i +— v;, a; —u;, 1 <i<6,1 <5 <3,

Proceeding similarly as above, for (ng,ns,n7) = (6,3,4) we get M = Kj36)(3° : 3%,4%); by the
map i+ v, a; — uj, where 1 <4 <6, 1 <5 < 3.

For (n4,ns,n7) = (6,4,3), M = T2(3,6)(36 : 33,42), by the map i — v;, a; — uj, for 1 < i <6,
1<j<3.

Case 2. For (ny,x1,n2) = (5,a4,6) considering lk(a3) we get xo € {ay,as}.

Subcase 2.1. If 29 = ay, then lk(a3) = Cg(a1,2,7,a4,8,3). This implies lk(ay) = Cg(asz,5,7,as,
8,6) or lk(a4) 06(a2,5 8 a3,7 6).
When 1k(ayq) (a2,5,7,a3,8,6), then, up to isomorphism, we see that (ni3,ni4,n15) €

~

= Cs
{(2,1,5),(5,1,2),(1,2, 7),(7,2,1),(7,5,1)}. Now doing computation for these case, we see:
If (n13, n1a,n15) = (2,1,5), M = Ky48)[3% 3%,4%)1 by i = v, a5 = uj, 1 <i <8, 1<j <4
If (n13, nua,nas) = (5,1,2), M = Ty 5)[3%: 3° 42] by i — v, a; —u;, 1 <i <8, 1<j<4
If (n13,n14,n15) = (1,2,7), M = Tyy, 8)[36 33 22 by i v, a5 uy, 1<i <8, 1<j<4.
If (n13,nua, nas) = (7,2,1), M = Kyu8)[3° : 33,42] by i+ v, a; —u;, 1 <i <8, 1<j <4
If (n13,n1a,n15) = (7,5,1), M = T548)[3% : 3%,4%)y by i = 05, aj = uy, 1 <i<8,1<j <4

IS

On the other hand when lk(ay) = Cg(az, 5,8, a3,7,6), we get (n13,n14,n15) € {(2,1,5),(1,5,8),
(3,8,5),(5,1,2),(5,8,3),(8,5,1)}. If (ny3,n14,n15) = (2,1,5) and (1,5,8), then 1k(7) is a cycle of
length 5 and 6 respectively, which is not possible. If (ni3,n14,n15) = (3,8,5) and (5,1,2), then
we see easily that 1k(7) and 1k(8) can not be completed respectively. If (ni3,m14,n15) = (5,8,3),
then completing 1k(7) we get 1k(1) of length 5, again a contradiction. If (ni3,n14,m15) = (8,5,1),
M = Ky545)[3%:3%,4%) by i = v, a5 —uy, 1 <i <8, 1<j<4
Subcase 2.2. When x9 = as, successively, we get lk(asz) = Cg(a1,2,7,0a5,8,3) and lk(ay) =
Cs(ag,6,9,a5,10,5). This implies 1k(as) = Cg(a4, 9,7, as,8,10) or lk(as) = Cg(aq, 9,8, as,7,10).

In case lk(as) = Cg(aq,9,7, as,8,10), considering 1k(1), we get (n3,nq,ns) € {(3,4,6), (3,8, 10),
(4,3,8),(4,6,9), (6,4,3),(6,9,7),(7,9,6),(8,3,4),(9,6,4),(10,8,3)}. But a small calculation shows
that no map exists for these cases, except for (ns,n4,ns) = (6,4,3). For (ng,ng,ns) = (6,4,3) we
get M = K5 10)[3° : 3%,4%]1 by the map i — vj, aj — uj, 1 <i<10,1<j <5.

On the other hand when lk(as) = Cg(ay,9,8,as3,7,10), considering lk(1), up to isomorphism,
we get (n3,n4,mn5) € {(3,4,6),(3,8,9),(4,3,8),(6,4,3)}. Now doing computation for these cases,
we see:

If (’I’L3, ng, TL5)

If (ng,n4,n5) ~

If (n3,n4,n5) = (4,3,8), T510)[3 33 42] by i+ v, aj > uj, 1 <i<10and 1 <j <B5.

If (n3,n4,m5) = (6,4,3), M = Ty(510)[3° : 33,42]1 by i+ v;, aj — uj,l <i<10and 1 < j <5,
This completes computation for the number of vertices < 15 and we obtain the following results.
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4.1.2 Results

Lemma 4.1 Let M be a DSEM of type [3% : 33, 42); with number of vertices < 15. Then M is
isomorphic to one of the following: Tysg) (36 . 33 4%, Ty3.6) [36 . 33 42%]q, K36 [36 : 33 42),
Ko3,6)[3° : 3%,4%]1, Ta48)[3% : 3%,4%)1, Tyu)[3° : 3%, 41, Tha8)[3° : 3%,4%]1, K3u8)[3° : 3%,4%],
Kya8)[3° : 3%,4%)1, K5,8)[3° : 3°,4%)1, Ti(5,10)[3% : 3%, 4%]1, Tr5,10)[3° = 3%, 4%]1, Tg(5,10[3° = 3%, 471,
K5,10) [36: 33 42],, K510 (36 : 33,42]y, shown in Fig. 4.1.

Combining the Lemma 4.1 together with the Claims 4.1 and 4.2, it follows that:

Theorem 4.1 There are exactly 15 DSEMs of type [3° : 33,42]; on the surfaces of Euler charac-
teristic 0 with number of vertices < 15. Out of these 8 are on the torus and remaining 7 are on the
Klein bottle.

4.2 Computation and classification for type [3%: 33 47,

Consider the following DSEMs of type [3%: 33,42]5, shown in Fig. 4.2, on torus and Klein bottle
denoted by Tj 6) [36:33,42%],, for i = 1,2, and Ki(6.6) (36 : 33, 42]5, respectively.

ve V2 Uz U3 Y4 Vs V2 u2 U3 v4 ve V2 U U3 v4
vs v1 U1 |44 Vs vg v1 w1 \|v4 v vy v1 U1 |44 vs
vy v3 us \|“6 vg vgl Y3 us \|46 vg vs v3 us5 \|46 vg
ve v2 U2 U3 U4 Vs V2  uz2 U3 U4 ve v2 U2 U3 V4
6 . 23 42 26 . 93 42 6 3 42
Ki(e,6)[3” :37,47]2 Ty6,6)[3° :3%,4%]2 Ta(6,6)[3% : 8%, 4%]2

Fig. 4.2: Doubley semi-equivelar maps on torus and Klein bottle of type [36 : 33,42]2

Claim 4.3 Tj(56)[3° : 3%,4%]y 2 Th(,)[3° : 3%, 4%]2.

Proof. Follows from the following polynomials:
P(EG(T16,6)[3° : 3°,4%]2)) = 2'? — 332" — 4427 4-2582° + 43227 — 6822° — 10322° 4+ 9572 4 5602° — 7892 + 2762 — 32,

P(EG(Ta,6)[3° : 3%,4%]2)) = 2'?—332"'0 —442° +2522° + 45627 — 5682° — 12962° + 348z " +13282° +1082> — 4322 — 128.

4.2.1 Computation

Let M be a map of the type [3° : 33, 4%], with the vertex set V. Let V36 and Vs 42 denote the sets of

vertices with face-sequence types (3%) and (33,42), respectively. Observe that, M has the number

of edges = (5[V(36)| + “/(332’42)‘), number of triangular faces = 3|V{36)| and number of quadrangular

“/(33,42)‘
2

faces = . Now by the Euler characteristic equation, we get (|V(ge)| 4 V(g3 42)]) — (5|V{30)| +

|V(332742)|) + (3[Vizey| + M) = 0. This implies |V(gs)| = V{33 42)|. Also, considering the number
of quadrangular faces, it is evident that the cardinality of both the sets should be positive even
integer. Thus for [V| < 15, we let V = {aq,as, ... UV 1,2,...,[Vigey|}, where |V(gs)| = 2k for
k< 3.

Without loss of generality, assume lk(a) = Cg(ag, as, aq, as, 1,2). This implies Ik(1) = C7(aq, as,

[n1,n92, N3, ng, 2]), 1k(2) = C7(az, a1, [1,n3,n4,n6,n5]) and lk(az) = Cgs(a1,as, z1, x2,3,2) for some
ni,...,ne € Vi, and x1, 29 € V). It is easy to see that (x1,x2) € {(as,a4), (ag,as)}.
Case 1. When (z1,22) = (as,a4). Then, successively, we get lk(as) = Cg(ai,as,as, aq,3,2),
lk(a5) = C’6(a1, a4, a2, as, 4, 1), lk(ag) = C’G(a4, ai,ag, as, 4, 5) and lk(a4) = 06((13, ai,as, a, 3, 5).
Now considering 1k(1), we see that (ng,ns, n4) has no value for the V' so that the links of remaining
vertices can be completed. So (x1,x2) # (as,a4).



Case 2. When (z1,22) = (ag, as), then successively we get lk(az) = Cs(a1, as, as, as, 3,2), lk(as) =
CG(al,a4,a6,a2, 3, 1), lk(a4) == Cg(ag,al,a5,a6,5,4), lk(ag) = C (a4, CL1,CL2,CL6,6 4) lk(aﬁ) =
Cs(as, az, as, aq,5,6). Considering lk(1), it is easy to see that, (ng, ng, ng) € {(4,5,6),(4,6,5), (5,4,6),
(5,6,4),(6,4,5), (6,5,4)}.

Observe that (4,5,6) = (6,4,5) by the map (1,3,2)(5,6,4)(a1,as,a2)(as,aq,ap); (4,5,6) =
(5,6,4) by the map (1,2,3)(4, 6,5)(a1,aq, a5)(a3,a6,a4) and (5,4,6) = (6,5,4) by the map
(1,3)(4,6)(a1,a2)(as,as). So we search for (ng,ns,n4) € {(4,5,6),(4,6,5),(5,4,6)}. Now doing
computation for these cases, we see:

If (ng,n3,m4) = (4,5,6), M = Ky(6,6)[3° : 33,4%]5 by the map i — v;, a; — u;, 1 <i < 6.

If (ng,n3,m4) = (4,6,5), M = Ty(54)[3% : 3%,4%]5 by the map i — v;, a; — u;, 1 <i <6

If (ng,n3,n4) = (5,4,6), M = Ty6)[3% : 3%,4%]5 by the map i — v;, a; — u;, 1 <i < 6.

This completes computation for < 15 vertices. From this we get following results.

I

4.2.2 Results

Lemma 4.2 Let M be a DSEM of type [3% : 32,4%]y on the surfaces of Euler characteristic 0
with < 15 vertices. Then M is isomorphic to one of Ky.g) [36 . 33,42y, T (6.6) (36 : 33,42]y and
T (6,6) (36 : 33,42]y, given in Fig. 4.2.

Combining Lemma 4.2 with Claim 4.3, it follows that:

Theorem 4.2 There are exactly 8 non-isomorphic DSEMs of type [3% : 33, 4%]y with number of
vertices < 15. Out of these 2 are on torus and remaining one on Klein bottle.

4.3 Computation and classification for type [3°: 3% 4,3, 4]

Consider the following DSEM of type [3° : 32,4, 3, 4], given in Fig. 4.3 on Klein bottle denoted by
K1(2,12)13% : 3%,4,3,4].

V12
v2 vy vg v1

v
10 vs V11 v7

uy v3

v
vg ve v v10 12
vy vg

Ki(2,12)[3% : 3%,4,3,4]

Fig. 4.3: Doubley semi-equivelar maps on Klein bottle of type [3°:32,4,3, 4]

4.3.1 Computation

Let M be a map of the type [3% : 32 4,3, 4] with the vertex set V. Let Viz6y and V(gz 4,3,4) denote
the sets of vertices with face-sequence types (3%) and (3%,4,3,4) respectively. It is easy to see
that 6|V(gs)| = [Vis2 434 Thus, for |[V| < 15, we let V = {al,ag,...,a|V(36)|,1,2,...,6\‘/(36)\},
where [V(z6)| < 2. Without loss of generality, we assume lk(a1) = C4(1,2,3,4,5,6). Then, succes-
sively, we have k(1) = C7(aq,[2,n1, nal,[ns3,n4,6]), 1k(2) = Cr(a1,[1,n2,n1], [n5, 16, 3]), 1k(3) =
Cr(a1, [2,n5,16], [n7,n8,4]), 1k(4) = Cr(a1, [3,n7,n8], [n9,110,5]), 1k(5) = Cr(a1, [4,n9,n10], [P11,
ny2,6]), 1k(6) = Cr(a1, [1,n3,n4], [n12,111,5]), where n; € V;,, for 1 < i < 12. Now considering
Ik(1), we see that ny € {4,5,7}.

Case 1: If n; = 4, then successively, we see that ng = 5, ng = 7, ny = 8, now considering lk(5) and
Ik(1), we get two quadrangular faces which share more than one vertex, which is not allowed. So
ni 75 4.

Case 2: If ny = 5, then successively, we get no = 4, ng = 7, ng = 8, nis = 9, ny; = 10.
Now completing 1k(1), 1k(6), 1k(5), 1k(2), 1k(3), 1k(4), 1k(7) and lk(10) we see that, lk(az) =



C6(7,8,11,10,9,12) or Ik(as) = C5(7,8,9,10,11,12). If Ik(az) = C5(7,8,9,10,11,12), then 1k(8) is
a cycle of length 5, a contradiction. If lk(az) = Cs(7,8,11,10,9,12), then completing successively,
we get M = K1(2712)[36 :3%,4,3,4] by the map i — v, a; —uj, 1 <i<12,1 <5 <2

Case 3: If n; =7, then we get (ng,n3) € {(8,3),(8,4),(8,9)}.

For (ng,n3) = (8,3), ng = 4 and k(1) = C7(a1,[2,7,8],[3,4,6]). Now considering successively
Ik(3) and lk(1) we see two quadrangular faces which share more than one vertex, which is not
allowed. Hence (ng,ns3) # (8, 3).

For (ng,n3) = (8,4), completing successively 1k(1), 1k(4), 1k(5), k(6), 1k(3), 1k(2), 1k(11), 1k(8)
we see that, lk(ag) = C4(7,8,9,10,11,12) or lk(ag) = Cs(7,8,9,12,11, 10).

If Ik(a2) = C4(7,8,9,10,11,12), then 1k(7) is a cycle of length 5, a contradiction.

If Ik(ag) = Cs(7,8,9,12,11,10), completing successively, we get M = Kl(z’lz)-[36 :32,4,3,4] via
1'—)?)9,2'—)?)10,3'—)1)11,4'—)?)8,5'—)?)7,6'—)1)12,7'—)?)5,8'—)?}6,9i—>?}1, 10'—)’[)4, 11'—)?}3,
12 — V2, A1 > U2, a9 > U7.

If (n2,n3) = (8,9),n4 = 10. This implies k(1) = C7(ay,2,7,8],]9,10,6]), 1k(6) = C7(a1,[1,9,
10], [n12, n11, 5)) for (n11,n12) € {(3,2),(11,4), (11,7),(11,12)}. A small calculation shows, no map
exists for (n11,m12) € {(11,4), (11,7), (11,12)}. For (n11,n12) = (3,2), completing successively, we
get M = K1(2’12)[36 :32,4,3,4] via 1 + v3, 2+ vg, 3+ vy, 4 > v, 5 = v1, 6 > v, T > vy,
8 — v12, 9 — w11, 10 — v19, 11 — vy, 12 — wvg, a1 + uq, az — us. This completes computation of
the DSEM for < 15. This gives the following result.

4.3.2 Result

Theorem 4.3 There exists a unique DSEM of type [3° : 32,4, 3, 4] on the surfaces of Euler charac-
teristic 0 for < 15 vertices. This is Ky(9,12) (36 : 32, 4,3,4] on Klein bottle, given in Fig. 4.3.

4.4 Computation and classification for type [33 4% : 3% 4,3, 4],

Consider the following DSEM of type [3%,4% : 32,4,3,4];, shown in Fig. 4.4, on torus denoted by
T1(4,8) [337 4% 327 4,3, 4]1

Cird vg
v2 U3 v
v v
u2
i vy u
3 wy 4
vl vq
v7 Us vT
v2 v3
V5 V6

Ti(a,8)[3%,4% : 32,4,3,4]1

Fig. 4.4: Doubley semi-equivelar map on torus of type [33,42 : 32 4,3, 4],

4.4.1 Computation

Let M be a map of the type [33,4% : 32,4,3,4]; with the vertex set V. Let Vigs)y and V(32 434
denote the sets of vertices with face-sequence types (33,4%) and (32,4,3,4), respectively. It is
easy to see that 2|Vigs 42)| = |V(32 43.4)| and V(g2 4 34)| is multiple of 4. Therefore, for [V| < 15,
we let V = {al,ag,...,a|v(33’42)|, 1,2,...,2|Vigs 42)|}, where V(33 42)] < 4. Assume that lk(a;) =
C7(2,3,[4,5,a2,6,1]). Then lk(as) = C7(7,8,[5,4,a1,1,6]). This implies 1k(2) = C7(ay,[1, 21, z2],
[n1,m2,3]) or 1k(2) = Cr(a1,[3, 21, 22], [n1,n2, 1]), for x1,29 € Vigs 42y and ny,ng € V(g2 434). In
the first case of 1k(2), considering 1k(1), we see three quadrangular faces incident at 1, which is not
allowed. On the other hand when 1k(2) = C7(a1, [3, x1, z2], [n1, 12, 1]), we get x1 = a3, 2 = a4 and
(n17 n2) € {(57 8)7 (77 8)’ (8’ 5)’ (87 7)}

10



For (n1,n92) = (7,8), considering lk(1) and 1k(2), we see that lk(as) = C7(1,8,[3,2, a4,ns,6]) or
lk(as) = C7(1,6,[3,2,a4,n3,8]), but for both the cases of lk(ag), we get no suitable value for ng in
Vi32,4,34)- S0 (n1,n2) # (7,8).

For (n1,n9) = (8,5), then completing 1k(2), k(1) and proceeding, as in previous case, we see
that 1k(3) can not be completed.

For (n1,n2) = (8,7), considering 1k(2) and lk(1), we see that 1k(7) can not be completed.

For (ni,n2) = (5,8), successively, we get 1k(2) = Cr(aq,[3, a3, a4l, [5,8,1]), Ik(5) = C7(aq, [4, a1,
as], [8,1,2]), k(1) = Cr(as,[6,a2,a1],(2,5,8]). Then lk(as) = C7(1,8,[3,2,a4,7,6]) or lk(az) =
07(1, 6, [3, 2, ay, 7, 8])

When lk(as) = C7(1,8,[3,2,a4,7,6]), completing lk(as), we see that 1k(7) can not be completed.

When lk(az) = C7(1,6,[3,2,a4,7,8]), completing successively, we get M = Tjyg) (33,42 :
32,4,3,4]; by the map i — v, aj — uj, 1 <17 <8, 1 < j < 4. Thus the computation is
completed for < 15 vertices. This leads to the following result.

4.4.2 Result

Theorem 4.4 There erists a unique DSEM of type [3%,4% : 32.4,3 4]y with number of vertices
< 15. This is Ty(4 ) (33,42 : 3%2,4,3,4]1 on torus, shown in Fig. 4.4.

4.5 Computation and classification for type [33, 4% : 3% 4,3, 4],

Consider the following DSEM of type [33,42 : 32,4, 3, 4]5, shown in Fig. 4.5, on Klein bottle denoted
by K1(6,6) [337 42 . 327 4,3, 4]2 .

v3 s Vg v3 U5 Vg v3

u3 ug us Ug ug uy u3

v w1 vz v VI V2 Vg
K1(6,6)[3%,4% 1 3%,4,3,4]5

Fig. 4.5: Doubley semi-equivelar map of type [33,42 : 32,4,3,4]; on Klein bottle

4.5.1 Computation

Let M is a map of the type [3%,42 : 32,4, 3,4], with the vertex set V. Let Vigs 42) and V(32 43 4
denote the sets of vertices with face-sequence types (3%,4%) and (32,4,3,4) respectively. Then we
see easily that |V(gs 42)| = [V(32 4.3.4)| = 2k for k € N. Thus for [V|(= [V(ss 42)| + V(32 43.0)]) < 15, we
let V ={ay,ay,..., AV 42,5 1,2,...,|Viss u2y|}, where [Vigs 42y| = 2k for k < 3. Assuming, without
loss of generality, lk(aq) = C7(as, 3, [4,5,as2,1,2]). This implies lk(ag) = C7(z1,n1,[5,4,a1,2,1]) or
k(az) = C7(2z1,n1,[1,2,a1,4,5]) for x1 € Vigs 42) and ny € V(g2 43 4).

If Ik(az) = C7(x1,n4, [5,4,a1,2,1]), then a small calculation shows that no such map exists for
the given V. On the other hand, if Ik(ay) = C7(z1,n1,[1,2, @1,4,5]), then we have 1 = aq, n; = 6.
This implies 1k(2) = 07((13, [al, as, 1], [ZEQ, 3, ng]), where (ZEQ, I3, ng) € {(a5, aq, 5), (a5, a4, 6)} If
(x2,23,n2) = (as,a4,5), then lk(az) = C7(a1,2,[5,n3,a6,n4,3]). Now considering lk(5) we see
three quadrangular faces incident at 5, which is not allowed. If (x9,x3,n2) = (as,a4,6), 1k(2) =
C7(as, [a1, a2, 1], [as,a4,6]). This implies lk(a3) = Cr(aq,2,[6,n3, ag,n4,3]), where (ns,ng) €
{(1,5),(4,1),(4,5)}. In case (n3,ng) = (4,1) and (4,5), we see respectively lk(1) and lk(4) can
not be completed. If (n3,n4) = (1,5), M = Ky (33,42 : 32,4,3,4]5 by the map i > v;, a; — u;,
1 <4 < 6. Thus the computation is completed. Then we obtain the following result.
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4.5.2 Result

Theorem 4.5 There erists a unique DSEM of type [3%,4% : 32,4,3,4]y with number of vertices
< 15. This is Ky, (33,42 : 32,4,3,4]y on Klein bottle, shown in Fig. 4.5.

4.6 Computation and classification for type [3% 4% : 41],

Consider the DSEMs of type [33,42 : 4%];, in Fig. 4.6 on torus and Klein bottle denoted by
Ti(n,2n) (33,42 : 4%]y, for i € {1,...,6}, and Ki(n,2n) (33,42 : 4%]q, for i € {1,...,3}, respectively.

v, U v v 1 P 2
5 6 4 5 v V5 V4 ve V4 Vg vs v4 Us Ve V8 V4 Vs v v v, v, U5
5 Vg vs U4 U5
vl v1 v1 V1 vy v1 v v
vo  |vg v v, ? 1 1
> |vs v [v3 vy vz |o7 v1 vy vz Jor %
us3 - usg U3 us u u 1 1
uy  |uz 3 uy  |ug 3 3 uy  |uz 3 “3 uy fuz Jug |P u3 wr Juz |ug |3
U v, v U 1 r 7
6 5 4 6 V6 U5 V4 ve V6 U5 v4 ve Ve v5 vq v8 V6 Vg 5 vy vy Vg
K 33 42 .44 T 33 42, 44 a3 42 . 44 33 42 .44
1(3.6) 3”5 h 1(3,6)[37,47 1 47h Ty(3,6)3%,4% 1 47y Ky(a,8)[37,4% : 471 Ty4,8y[3%,4% 1 4%]y
Vs V4 VY8 Y6 Vs Vg V1o VY6 V5 V4 U8 V4 V8 V10 V6 V5 V4 vs v  Vip U V4 Us
vl vl v v
vy vz o7 1 vg |vz |ur Jug | P V1 vy |us |ur v |} Vi vs |uz vz Jug |}
usz us3 u u ’ U,
ur [uz  [ug 3 ur Juz Jug |us | U3 up |ug |ua |us | P ug wr |ug |ug |us |*3
v v, . v, v
6 5 4 8 6 ve U5 vq v8 Y10 Y6 v U5 Vg  US Y10 Ve vg V5 v4 v V10 Ve
Tyeas) (3,42 - 4%]; T, 33,42 . 4% T, 33,42 .44 3 42,44
(4,8)157 5(5,10) 375 I 6(5,10)[37,47 : 471 Ky(s,10)[3%,4% 1 4%y

v5 Ve V10 V8 V4 U5

ve uz vy
Uy v v7 Uy
vy vy v
vy |vz  |vr  |vo 5u1 o5
p us| v1o v vg |us
u3 ug 4
ui fug |ug  |us wa vs
u3z  vg vy u3
ve U5 Ui U8 V10 U6 Py
3 42 .44 342 44
Trs5,10)[3%,4% 1 4% K3(5,10)[37,47 : 471

Fig. 4.6: Doubley semi-equivelar maps of type [33,42 : 4%]; on torus and Klein bottle
Claim 4.4 For the maps above we have the following:
(9) Tis,6)[3% 47 - 441 2 To36)(3°,4% - 4%
(h) Ts,8)[3%,4% : 4%y 2 Ty(4,8)[3%, 4% - 41
(i) Ts(s5,10)[3%,4% : 441 & Ty(5,10)[3°,4% : 411 & Tr5.10)[3°,4% - 441
(7) Kss,10)[3%,4% - 41 2 Ky(5,10)-[3%, 4% - 4.

Proof. Follows by considering the following polynomials:

p(BEG(Ti(3,6)[3%,4% 1 4'1)) = 2° — 2127 — 242° + 722° + 722" — 992° — 542” + 54z,

P(EG(Ty3,6)[3%,4% : 4]1)) = 27 — 2127 — 182° + 542°,

p(EG(Tsa,8)[3,4% : 4'1)) = 2820 — 1629 + 2122° + 882" — 6842® — 482° + 9122* — 2722® — 2402% + 96,

P(BEG(Tya8)[3%,4% 1 4'1)) = 2820 — 24x9 + 2122° 4 28027 — 5242% — 9762° + 80z + 8802 + 52822 + 961,
p(EG(K3(s,10) [3 4? 44] ) = m15 13 402" 4 3852 + 7902'° — 110029 — 36202° 4 5527 + 62002° + 33052° —

3500z* — 32652° — 19022 + 2702 —

(EG(K4<5 10) [3 4? 44] )) = a'® — 352" — 240" +4012" + 43420 — 183229 — 24682 4 312327 + 52322° — 9392° —
3716z* — 12612° + 3022 + 30:[;

12



p(EG(Ts(s5,10)[3%,4% : 4*]1)) = % — 352" — 202'% + 4252 " + 2942 ' — 25009 — 15202° + 785527 +30602° — 129192° —
1100z + 881522 — 225022 4 150,

p(EG(To(s5,10)[3%,4% : 4*]1)) = '° —352"% — 202"'% + 3952 + 3442'% — 179029 — 19602® + 3150z" + 39202° — 2059z° —
3000z + 2352° + 7502 + 150z,

p(BEG(Ty(s5,10)[3%,4% : 4*]1)) = % — 352"% — 302'% + 3952"" + 5942'° — 149529 — 33602° + 17527 + 3990z° + 21662°.

4.6.1 Computation

Let M be a map of the type [33,4% : 4%]; with the vertex set V. Let Vigry and Viss 42) de-
note the sets of vertices with face-sequence types (4%) and (32,42), respectively. Then counting
the number of quadrangular faces in terms of |V(33’42)| and |V(44 | we see easily that |V33 42) |
2|Viysy|. Thus for [V] < 15, we let V = {al,ag,...,am44)|,1,2, ;2|V(44y|} such that ]V 1
5. Assume, without loss of generality, lk(a;) = Cs(as,1,2,3,a2,4,5,6). This implies lk(a )
Cs(a1,2,3,n1,x1,n9,4,5) for z; € Vigay and ny,mg € Vigs 42). Observe that x; € {as,as}.
Case 1. When x; = as, then (n1,n2) € {(1,6),(6,1)}.

If (ny,m2) = (6,1), then lk(az) = Cs(a1,2,3,6,a3,1,4,5) and lk(ag) = Cs(asg, 3, 6,5,a1,2,1,4).
This implies 1k(1) = C7(ns,n4, [2, a1, a3, az,4]). It is easy to see that (ng,ng) € {(3,6),(5,6),(6,3),
(6,5)}. But for these values of (ns3,n4), we see easily that no map exists.

On the other hand, if (ni,n2) = (1,6), then lk(az) = Cs(a1,2,3,1,a3,6,4,5), lk(az) =
Cg(ag, 3,1,2,a1,5,6, 4) This implies lk(l) = 07(713, Ny, [2, ai,as,az, ]) for (ng, ’I’L4) S {(4 5) (4 ),
(57 4)7 (57 6)7 (67 4)7 (67 5)}

Observe that, (5,6) = (4,5) by the map (1,3,2)(4,5,6)(a1,as,az2); (6,4) = (4,5) by the map
(1,2,3)(4,6,5)(a1, a2, az) and (6,5) = (4,6) by the map (2,3)(4,5)(a1,a2). Thus we search for
(n3,nq) € {(4,5),(4,6),(5,4),(5,6)}. Now doing computation for these cases, we see:

If (n3,n4) = (4,5), M = Ky36)[3%,4% : 41]; by the map i — vg, aj —u;, 1 <i<6,1<j <3.

If (ng,na) = (4,6), M = Ty 36 [3% 4% : 4*]; by the map i — vg, a; — uj, 1 <i<6,1<j<3.

If (n3,n4) = (5,4), M = Ty36)[3%,4% : 41]; by the map i — vg, aj — uj, 1 <i<6,1<j<3.
Case 2. When z1 = a4, hen considering lk(a3) = Cs(a1,2,1,n3, x2,n4,6,5) we get x4 € {ay,as}.
Subcase 2.1. If 29 = a4, then (ng,nq) € {(7,8),(8,7)}. If (ng,ng) = (8,7), (ns,n6) € {(4,5),(5,4),
(5,6),(6,5),(6,7),(7, 3),(7,6)}. If (ns,n6) = (4,5), then considering successively 1k(1), 1k(5) and
1k(8) we see that deg(4) > 5, a contradiction. If (ns,ng) = (5,4), then considering successively,
k(1), Ik(5), 1k(2) and 1k(6), we get 1k(7) of length 5, a contradiction. Proceeding similarly for the
rest of the cases of (ns,ng), we see easily that no map exists.

On the other hand, if (n3,n4) = (7,8), then k(1) = C7(ns, ng, [2, a1, as, as, 7]), where (ns,ng) €
{(4,5),(4,8),(5,4), (5, 6),(6,5), (6,8),(8,4),(8,6)}. But, (5,4) = (4, 8) by the map (1, 3)(4,6)(az, as);
(5,6) = (4,5) by the map (1,7)(2,3)(4,5) (6,8)(a1,a2)(as,as); (6,8) = (4,5) by the map (1,2, 3,7)(4,
8,6,5)(a1,a2,a4,a3); (8,4) = (4,5) by the map (1,3)(2,7)(4, 6)(5,8)(a1,as) (az,as); (8,6) = (6,5)
by the map (1,7)(2,3)(4,5)(6,8)(a1,az2)(as,as). So we search for (ns,ng) € {(4,5), (4,8),(6,5)}.
Now doing computation for these cases, we see:

If (ns5,n6) = (4,5), M = Ky45)[3%,4% : 4] by the map i — vg, aj —u;, 1 <i <8, 1<j <4

If (ns5,n6) = (4,8), M = Ty45)[3%,4% : 4*]; by the map i = vg, aj — uj, 1 <i <8, 1<j <4

If (ns,ng) = (6,5), M = T4(478)[33,42 : 441 by the map i — vg, aj > u;, 1 <i <8, 1<j<4.
Subcase 2.2. When x5 = a3, then considering lk(ay), we see that (ns,ng) € {(9,10),(10,9)}. If
(ns,n6) = (10,9), (n7,ng) € {(3,7),(4,5),(4,8),(5,4),(5,6),(6,5), (6,10),(7,10), (10,6), (10, 7)}.
But, a small calculation shows that no map exists for these values of (n7,ng).

While for (ns,n6) = (9, 10) completing successively lk(a4), Ik(as) we get 1k(1) = C7(n7,ns, [2, a1,
as, as,9]). Then, up to isomorphism, we get (n7,ns) € {(3,7),(4,5), (5,4),(6,5)}. Doing compu-
tation for these cases, we see:

If (n7,ng8) = (3,7), M = Ky(5 10)[3%,4% : 41]; by the map i — v;, a; — uj, 1 <i <10, 1 < j <5.

If (n7,m8) = (4,5), M = Ky(510)[3%,4% : 4*]; by the map i — v;, a; — uj, 1 <i <10, 1 < j <5.

<
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If (n7,n8) = (4,8), M = Tj(510)[3%,4% : 4']1 by the map i — v;, aj — u;, 1 <i <10, 1 < j <5.

If (n7,ng) = (5,4), M = Tg510)[3°,4% : 4']1 by the map i — v;, aj — u;, 1 <i <10, 1 < j <5.

If (n7,m8) = (6,5), M = Ty(5 10 33,42 : 44y by the map i — v;, aj — uj, 1 < i< 10,1 <5 <5.
This completes the computation and we get the following results.

4.6.2 Results

Lemma 4.3 Let M be a DSEM of type [3%,4% : 4] with number of vertices < 15. Then M is
isomorphic to one of the following: T (33,42 : 4%y, Ty(3,6) (33,42 : 4%y, K36 (33,42 : 4%y,
Tya8)[3%,47 : 41, Ty(a)[3%,47 : 41, Ko 8)[3%,4% 4%, T55,10)[3%,4% : 411, To5,10)[3%,42 - 4%y,
T7(5710) [33,42 144]1, K3(5710) [33,42 : 44]1, K4(5’10) [33,42 : 44]1, shown in F’Lg 46

Combining the above lemma together with the Claim 4.4, it follows that:

Theorem 4.6 There are exactly 11 non-isomorphic DSEMs of type [33,4% : 41]1 on the surfaces of
Euler characteristic 0 with < 15 vertices. Out of these 7 are on torus and remaining 4 are on Klein
bottle.

4.7 Computation and classification for type [33 4% : 4%],

Consider the following DSEMs of type [3%,42 : 4%]5, shown in Fig. 4.7, on torus and Klein bottle
denoted by Tj 6) (33,42 : 445, for i = 1,2, and K (6.6) (33,42 : 4%],, respectively.

v3 V4 Vg v3 v3 v4 V6 v3 v3 vy v U3
v 1 |os v v2 v1 |vs v2 v2 v1 |vs v2
3 u2 Ul “s s u2 Uy “3 “3 uz (ul “s
Uy T g Uy ugq us  |ug Ug £z us  |ug ug

vg U3 V6 vy V4 Vg v3 V4 v3 V4 v V3
Ky6,6)13%,4% : 4%]2 Ti(6,6)[8%,4% : 4%]2 Ty6,6)[8%,4% 412

Fig. 4.7: Doubley semi-equivelar maps of type [33,42 : 4] on torus and Klein bottle
: 3 42 .44 3 42 .44
Claim 4.5 T1(6,6) [3 ,4 04 ]2 z T2(6,6) [3 ,4 14 ]2.

Proof. See the following polynomials:
p(EG(T1(6,6)[3%, 4% : 4']2)) = 2'? — 272"° — 20m9 + 2072° + 1682" — 6102° — 2882° 4 723z* — 1362° — 1712% + 84z — 11,

P(BG(To,6)[3%, 4% : 4Y]2)) = 2'? — 272"0 — 20m9 + 2012° + 19227 — 5322° — 5522° 4 4922 + 5602° — 842 — 192z — 44.

4.7.1 Computation

Let M be a map of the type [3%,42 : 44]5 with the vertex set V. Let Viaty and V(33 42) denote the sets
of vertices with face-sequence types (4*) and (33,42), respectively. Then, it is easy to see that M

has the number of quadrangular faces w or (|Vigs 42y| + ‘Vg‘l‘). This implies [V{y4)| = [V(g3 42)| =

2k for k € N. Therefore for |V| < 15, we let V = {al,a2,...,a‘v(44)‘,1,2,...,|V(44)|}, where
|Vigay| = 2k for k < 3. Without loss of generality, we may assume k(1) = C7(3,4, [5, a1, az, as, 2]).
Then lk(ag) = Cg(a3,2, 1,5,a1,aq,as, a4), lk(al) = Cg(CLQ, 1,5,n1,m1,x2,a6,a5) for ny € V,,, and
x1,x9 € V. Observe that (ny,z1,x2) € {(2,as3,a4), (3,a4,a3), (6,a4,a3)}.

Case 1. When (n1,x1,22) = (3,a4,a3) then considering successively lk(a1), lk(as), lk(as), 1k(3)
and 1k(4) we see that 1k(5) can not be completed. So (n1,z1,x2) # (2, a4, a3).

Case 2. When (ni,z1,22) = (6,a4,a3) then lk(a;) = Cg(aq, 1,5,6,a4,a3,a6,a5) and lk(ay) =
Cs(ay,5,6,n9,as,as,as, ag) for ny € {3,4,7}.
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If ng = 3 then considering successively lk(aq), Ik(as), lk(ag), lk(as), 1k(3) and 1k(2) we see 1k(4)
can not be completed.

If ng = 4 then considering successively lk(a4), lk(as), lk(ag), lk(as), lk(4), as in previous case,
we see that 1k(5) can not be completed.

If ng = 7 then considering successively lk(a4), lk(as) and lk(ag) we see that lk(as) can not be
completed. So (ny,z1,x2) # (6,a4,as).

Case 3. If (ny,x1,22) = (2,a3,a4), then successively completing lk(ay), lk(as), 1k(2) and 1k(5) we
get 1k(4) = C7(1,5,[6, x5, x4, 3, 3]) for (23,24, 25) € {(as, a4, a¢), (ag, aq, as), (as,as,as), (ag, as, aq),
(a4, ag, a5), (a5, aeg, a4)}

Note that (ag, as, a4) = (a5, aq, ag) by the map (1,5,2)(3,4,6)(a1, a3, az)(aq, as, ag); (a4, ag, as) =
(as,a4,a¢) by the map (1,2,5) (3,6,4)(a1,az,a3)(as, a6, as); (as,a6,a1) = (as,as5,a6) by the map
(2,5)(3,4)(a1,a3)(as, ag).

Thus we do computation for (xs, x4, x5) € {(as, as, ag), (ag, a4, as5), (a4, as,a6)}. This gives:

If (1’3,:174,:175) = (a5,a4,a6), M = K1(6,6) [33,42 : 44]2 by the map ¢ — v;, a; — u;, 1 < i <6.

If (23,24, 25) = (ag,a4,0a5), M = Ty [33,42 : 4%]5 by the map i +— v;, a; — u;, 1 < i < 6.

If (1’3,:174,:175) = (a4,a5,a6), M = T2(6,6) [33,42 : 44]2 by the map ¢ — v;, a; — u;, 1 < i <6.

Thus the computation is completed and we get the following results.

4.7.2 Results

Lemma 4.4 Let M be a DSEM of type [3%,4% : 45 with number of vertices < 15. Then M is
isomorphic to Ty g) (33,42 : 4%),, To(6,6) (33,42 : 4%y or Ki6,6) (33,42 : 4%)y, shown in Fig. 4.7.

Combining the Lemma 4.4 together with the Claim 4.5, it follows that:

Theorem 4.7 There are exvactly 3 non-isomorphic DSEMs of type 33,42 : 4%y on the surfaces of
Euler characteristic 0 with < 15 wertices. Out of these two are on torus and remaining on Klein
bottle.

5 Summary

From the theorems 4.1 - 4.7, it follows that:

Theorem 5.1 There are at least 35 non-isomorphic DSEMs on the surfaces of Euler characteristic
0 with < 15 wvertices. Out of these, 20 are on the torus and remaining 15 are on the Klein bottle.

A tabular form of the results obtained here is presented in the next page.

Table 5: DSEMs of face-size 4 on torus and Klein bottle on < 15 vertices

S.No. Map Type V| | No.ofmaps On Torus On Klein bottle
L. 9 4 Ty (3,6)[3%:3%, 471, K1(3,6)[3 37,471,
T2(3,6)[3 3 , 4%, Ky3.6)[3° 3 42]
(36 : 33,4%]; 12 | 6 T3(4,8)[3°: 2]1a K34,8)[3%:3%,4%],
Ty(a,8)[3%:3%,4%], Kya,8)[3% 7 4%y,
T5(4,8)[3%:3%, 421 Ks(4,8)[3%:3% 41
15 |5 T6(5,10)[ 3,47, K6(5.,10)[ 3 470,
T7(5,10)[3° 33 420, Kr(5,10)[3°:3%,4%]
T8(5,10)[ 33 42]1
5. | [3°:3%,47, |12 |3 Th(6.6)[30:3%, 475, K1(0.0)[35:3%, 47
T 6,6)[3° 33 4%
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3. | [3%3%,4,3,4 |14 |1 - K1(212[30:3%,4,3,4]
4 | [3%423%,4,3,4)] 12 | 1 Tras) (3, 42:32, 4,3, 4] -
5. | [3%,423%,4,3,4 12 | 1 - K1(o0)3%, 42:3%, 4,3, 4]
6. 9 3 Tl(3,6) [33,42:44]1, K1(3,6)[33742:44]1
Ty(s3,6)[3%,4%:4")
33,42 ; 44, 12 |3 Tyas) (3%, 4247, Ko s) (3%, 4%:4%),
Ty, (3% 4%:4"1
15 |5 Ts(5,10)[3°, 4%:4%1, Ky5,10)[3%, 4%:4%1,
Te(5,10)[3°, 4%:4%)1, Ky(5,10)[3%,4%:4%)
Tr(5,10)[3%,4%:4%)
7. | [3%,4%4], 2 |3 Tr(o.0) 3% 4247, K (5.0[3%, 4%:47];
T2(6,6) [33, 42:44]

6 Discussion

In [16], the authors constructed infinite series of semi-equivelar maps on torus and Klein bottle from
equivelar maps by using elementary map operations: truncation and subdivision (these operations
do not effect the symmetry of a map). Here, we present infinite series of the seven type doubly
semi-equivelar maps for torus, one can explore similarly for Klein bottle.

Infinite series of DSEMs of types [3¢ : 33,42y, [3%,42 : 4]y, [33,42 : 4%y, [33,42 : 32,4, 3, 4)o,
[36 : 33, 42] are constructed from infinite series of semi-equivelar map of type [4*] by subdividing the
quadrangular faces as shown in the Fig. 6.1, Fig. 6.2, Fig. 6.3, Fig. 6.4 and Fig. 6.5 respectively.
Infinite series of DSEM of type [3% : 32,4, 3,4] is obtained from an infinite series of semi-equivelar
map of type [6%] by subdividing the hexagonal faces (by introducing a new vertex and joining it to
the six vertices of the face by an edge) as shown in Fig. 6.6.

Although, we present infinite series of DSEM of type [3%,42 : 32, 4,3, 4], see Fig. 6.7. However
we do not know whether this DSEM can be obtained from any semi-equivelar map by the above
elementary map operations. This observation leads to the following question.

Question 1 Can we obtain every doubly semi-equivelar map (corresponding to the 2-uniform tilings)
on torus and Klein bottle from semi-equivelar maps (corresponding to the Archimedean tilings) by
applying finite sequence of map operations on the same surface.

Infinite series of DSEMs on torus:

n n
ay =3 =3 ay an ay ntl T3 n+4 2n n+1
n+1 P> ey n-+4 2n n+1 ay oo a3 aq an aj
1 2 3 4 n 1 1 2 3 4 n 1
Fig. 6.1: DSEM of type-[35: 33,42];: (n > 3) Fig. 6.2: DSEM of type-[33,42: 4%];: (n > 3)

16



ai as as ag as agn _ai
) ) 2n+2| 2n+3
n+1 P> ey n-+4 2n n+1 2n-+1 ST 2n+5 An 2n+1
Ap 41 EEPY apt4q agn Apt1 agn 41 a2n42 o a2n44 a2nt5  agp aon i1
a1 ag as a4 an) a1 1 2 &3 4 5 2n 1
1 2 3 4 5 n2 41 ay az as ag as az,  ap
Fig. 6.3: DSEM of type-[3°,4%: 4%]2: (n > 3) Fig. 6.4: DSEM of type-[33,42: 32,4,3,4]y: (n > 2)
1 2 ay ag 3 4 as [ 5 6 1+2n 2+42n %1+42n 2242n 1
Q s
ant5 s antofAant6/An+ 7| 4nt 8l Aant 1 Aan+d/4n {9 4nt10 6nis G 6n+546n+ Ants
an+3 — 2nt34donta/2n 51 2nt6l42n4sldan+d 2n 7] 2n+8  dn+ — ant3lfantd 243
1 2 ay as 3 4 ag ag 5 6 2n+1 2n+2 agp4q agpy2 1
Fig. 6.5: DSEM of type-[35 : 33,42]5: (n > 0)
3n-2  3n-1 1 2 4 5 3n-5 3n-4
3n-3 3, 31 6, 3 9, 6 3n-6, g 3n-3
i2 i4 i5 i7 i8
i1 110 WBn-2f T i1
at az a3 ap
1 2 4 5 7 8 10 3n-2  3n-1 1
3 .6 9 3n
Fig. 6.6: DSEM of type-[36:32,4,3,4]: (n>2)
1 2 3n-5 3n-4
3n-2  3n-1 4 3n-7 g
n n ) 3-8 n 3n-2
3 3
a3 3n- Tl n-3
ay a3 as azn—3 < ay
aq a2n a2n
i3 i6 3n\ 3 137
T 7 3n-5—— 1
4 5 n-2 3n>
3 6 3n-3 3n

Fig. 6.7: DSEM of type-[33,42 : 32,4,3,4]1: (n>3)

If we study group structures associated to the maps, we see that DSEMs, obtained here, on
torus are 2-uniform. For example, in case of type [36 233, 42]1, we see that the groups:

G1 =< (Ul, U3, Vs, V4, V2, ’UG)(ul, us, ’LLQ) >, G2 =< (Ul, V2, ’U5)(’U3, V6, ’U4)(’LL1, us, ’LLQ), (’Ul, U3)(U2, U4)
(vs,v6)(ug, uz) >, Gs =< (v1,v2,v7,v5)(v3, V8, Vg, V) (U1, U3, Ug, U2), (V1,04)(V2,v6)(vs, v5) (V7, Vs
(ul, UQ)(U3, ’LL4) >, G4 =< (’Ul, Vs, U7, ’Ug) (’Ug, V4, Vg, ’Ug)(ul, U9, Uyq, ’LL3), (’Ul, ’Ug)(’Ug, U6)('U3, U5)(U4, U7)
(u1,uq)(ug, uz) >, Gs =< (v1,vs, v7,v2)(V3, V4, Vs, V) (U1, Uz, Ug, u3), (v1,v4)(ve,v3)(vs, v6)(v7, V8) >,
G6 =<< (’Ul, V2,V7,V10, U5)(U3, Vg, V9, Vg, U4)(’LL1, usz, us, Ug, ’LLQ), (’Ul, Ug)(Ug, Ug)(U3, ’U7)(’U4, ’U10)(U5, U6)(u1,
us)(ug, ug) >, Gy =< (v1,v7,v5,v2,v10)(V3, Vg, Uy, Vs, Vg) (U1, Uz, U2, U3, Uyg), (V1, V3)(V2, V) (Vs5, Vg)
(Uﬁ, U7)(U9, Ulo)(’LLg, ’LL3)(’LL4, ’LL5) > and Gg =< (Ul, V10, V2, Vs, ’U7)(’U3, Vg, Ug, V4, ’Ug)(ul, U4, U3, U2, ’LL5),
(v1,v4)(v2,v3)(v5,v6) (v7,v8)(vg, v19) > act on the maps:

Ti(3,6)[3° : 3%, 4%]1, To.6)[3° : 3%, 4%]1, Tyu)[3° : 3°,4%]1, Tuqas)[3° : 3, 4%)1, Thae)[3° : 3%, 4%,
T (5,10) [36 . 33,42), T7(5,10) (36 : 33, 42]; and Ty(5,10) [36 : 33 42]; respectively, such that under the
action, the maps have two orbits of vertices. Similarly, we can easily find a group for the DSEMs
of types: [30 : 33,42y, [33,4% : 32,4,3,4]1, [33,4% : 4%]; and [32,42 : 4%, on torus, under which
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the maps have two orbits of vertices. However, this fact does not hold for the DSEMs on Klein
bottle. For example, if we let K3 (36 : 33,42];, we get no automorphism which sends v1 to vs.
This can be seen as follows: Suppose there is f € Aut(K g [36 : 33,4%]1) such that f(v1) = vs.
Then considering lk(v;) and lk(vy), we see, either f(vs) = vs or f(vs) = v1. In the first case when
f(vs) = vs, we get f(uz) = us, f(ur) =u1, f(va) =01, f(v3) = ve, f(ve) =v3 and f(va) = vs. Now
if we see lk(uy), we get a contradiction of the facts f(u1) = u; and f(vs) = vg, as vg & lk(uy). So
f(vs) # vs. Similarly, we see that f(vs) # v1. Combining these, we see that f(vy) # ve. This shows
that K36 [36 : 33 42]; is not 2-uniform. This observation leads to ask the following question:

Question 2 Are the doubly semi-equivelar maps (corresponding to the 2-uniform tilings) on torus
2-uniform?

7 Conclusions

In this article, the notion of doubly semi-equivelar maps (DSEMs) has been introduced for the
first time. A methodology has been presented to enumerate doubly semi-equivelar maps on torus
and Klein bottle corresponding to the 2-uniform tilings [3° : 33,42];, [35 : 33 42]5, [3% : 32,4, 3, 4],
(33,42 : 32,4,3,4]1, [3%,4% : 32,4,3,4]s, [3%,4% : 4%y, [3%,4% : 4%5. The methodology has been
demonstrated to enumerate the DSEMs on at most 15 vertices. The enumeration provides at least
35 non-isomorphic DSEMs on the surfaces of Euler characteristic zero, out of these 20 are on
torus and remaining 15 are on Klein bottle. Further, infinite series of these types DSEMs have
been constructed. We know that a study of maps become more significant when certain symmetry
involves, in view of this, the notion of 2-uniform maps (parallel to the notion of vertex-transitive
maps for equivelar or semi-equivelar maps) has been introduced. During computation, it has been
found that all the maps obtained on torus are 2-uniform, which does not hold in case of DSEMs on
Klein bottle. This motivates us to explore the fact whether all the DSEMs on torus are 2-uniform.
In literature, vertex-transitive maps have been studied extensively. It would be interesting to study
2-uniform maps not only for torus and Klein bottle but also for other close surfaces and to explore
the analog notions of vertex-transitive maps for 2-uniform maps.

8 Data Availability

No data were used to support this study.

9 Conflicts of Interest

The authors declare that there is no conflict of interest regarding the publication of this paper.

10 Acknowledgment

We are thankful to the anonymous referees for their suggestions and comments. The research work
of the first author is partially supported by IIIT Allahabad.

References

[1] U. Brehm, Polyhedral maps with few edges, Topics in Combinatorics and Graph Theory;
Physica-Verlag: Heidelberg, 1990.

18



2]

3]

[4]

[5]

(6]

7]

8]

19]

[10]
[11]

[12]

[13]
[14]

[15]
[16]

[17]

[18]
[19]

[20]

[21]
[22]

B. Datta, N. Nilakantan, Equivelar Polyhedra with few vertices, Disc. Comput. Geom.
26(2001) 429-461.

U. Brehm, B. Datta, N. Nilakantan, The edge-minimal polyhedral maps of Euler characteristic
-8, Beitr. Algebra Geom. 43(2001) 583-596.

B. Datta, A.K. Upadhyay, Degree-regular triangulations of the double torus, Forum Math.
18(2006) 1011-1025.

J. Karabas, R. Nedela, Archimedean solids of genus 2, Electronic Notes in Discrete Math.
28(2007) 331-339.

J. Karabas, R. Nedela, Archimedean maps of higher genera, Mathematics of Comput. 81(2012)
569-583.

A K. Upadhyay, A.K. Tiwari, D. Maity, Semi-equivelar maps. Beit. zur Alg. Geom. 55(2012)
229-242.

A K. Tiwari, A.K. Upadhyay, Semi-equivelar maps on the surfaces of Euler characteristic —1,

Note di Mate. 37(2017) 91-102.

O. Krotenheerdt, Die homogenen Mosaike n-ter Ordnung in der euklidischen Ebene 1. Wis-
senschaftliche Zeitschrift der Martin-Luther-Universit at HalleUWittenberg. 18(1969) 273-290.

D. Chavey, Tilings by regular polygons-II, Computers Math. Applic. 17(1989) 147-165.

B. Griinbaum, G.C. Shephard, Tilings and Patterns. New York: W. H. Freeman and com.
1987.

A. Altshuler, Construction and enumeration of regular maps on the torus, Disc. Math. 4(1973)
201-217.

W. Kurth, Enumeration of Platonic maps on the torus, Disc. Math. 61(1986) 71-83.

B. Datta, A.K. Upadhyay, Degree-regular triangulations of torus and Klein bottle, Proc.
Indian Acad. Sci. 115(2005) 279-307.

U. Brehm, W. Kuhnel, Equivelar maps on the torus, Eur. J. Combin. 29(2008) 1843-1861.

A.K. Tiwari, A.K. Upadhyay, Semi-equivelar maps on the torus and the Klein bottle with few
vertices, Math. Slov. 67(2017) 519-532.

D. Maity, A.K. Upadhyay, On enumeration of a class of toroidal graphs, Contri. to Disc. Math.
13(2018) 79-119.

P.R. Cromwell, Polyhedra, Cambridge University Press, 1997.

T.C. Biedl, M. Hasan, A. Lopez-Ortiz, Efficient view point selection for silhouettes of convex
polyhedra, Computational Geometry: Theory and applications. 44(2011) 399-408.

T. Dend, M. Yu, G. Hu, W. Qiu, The architecture and growth of extended Platonic polyhedra,
MATCH Commun. Math. Comput. Chem. 67(2012) 713-730.

J.A. Bondy, U.S.R. Murty, Graph Theory, Springer-Verlag London, 2008.

U. Brehm, E. Schulte, Handbook of discrete and computational geometry, Boca Raton: CRC
Press, 1997.

19



